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Abst ract - -We discuss the interaction of superconducting vortices in the gradient flow of the 
superconducting Ginzburg-Landau functional. Some conjectures are given and a result on the large 
time asymptotics of the flow due to the author and S. Demoulini is announced. A formula for 
the potential energy between vortices in the case of near critical coupling is given which has been 
computed by P. Shah. 
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In this letter, we will state and explain some conjectures and announce some results on the 
gradient flow of the superconducting Ginzburg-Landau f nctional on the plane. These conjectures 
follow from an understanding of the interacting dynamics of vortices, and this is the reason for the 
physical interest in the conjectures. We will also state and outline the proof of a theorem on the 
dynamics of vortices in the near critical coupling regime, which sheds light on these conjectures. 
This theorem is similar to one proved in complete detail for the corresponding Lorentz invariant 
system in [1]. This theorem gives a formula for the potential energy between two vortices in the 
case of near critical coupling. Another case which can be studied is the limit A -* +co (see [2]). 
It is hoped that eventually a complete understanding of vortex dynamics can be pieced together 
from these asymptotic results. We study the equations on the infinite planc this is unphysical 
but has the advantage that it allows an investigation of the interaction between vortices without 
the complications of boundary effects. 
The variables are a vector potential (or connection on a circle bundle) At dxt + A2 dx2 and a 
complex function • : R 2 --* C. The superconducting Ginzburg-Landau f nctional is 
1 4A__(1 [~[2)2/ d x $(A, ~) = ~ / (B  2 -~ [DAO[ 2 + - 
where B = 01A2 - 02A1 and DA~ = d¢ - iA¢. We will omit the subscript on DA hereafter. 
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The gradient flow of £ is the following system of partial differential equations: 
2 
A.i + ejkOkB = (i¢, Die) ~ = )-~(Oj - iAj)2¢ + ~)(1  - I¢12) (1) 
j----1 
where (a, b) = (1/2)(ab + ab). These equations are a special case of the equations used in 
physics to model the dynamics of vortices in superconductors (see [3,4]). (To be precise, they 
are obtained by rescaling the equations in [4, Appendix 3] and setting the diffusion constant 
for (I) equal to one.) The equations are invariant under gauge transformations A -* A + dx, 
--~ (I)e ix where X is a smooth real function of x. We shall study these equations under the 
condition of finite energy, so that uniformly continuous solutions atisfy limlxl_.oo I(I)[ = 1. This 
allows us to define the winding number as the amount by which the argument of • increases on 
going counterclockwise around a sufficiently large circle. This is a topological invariant. We shall 
consider the class of initial data C 6,1v in which A, (I) and all their derivatives are smooth and 
bounded and B,D¢,VB,  D2¢,(1 - I¢ l  ~) are O(e -61xl) as Ixl ~ oo for some 6 > 0. In addition 
we require that ¢ has winding number N. The following theorem is proved in [5]. 
THEOREM 1. For all positive A the initial value problem has a unique smooth global solution for 
initial data in the class C 6,N. 
Let us define a symmetric vortex of winding number N to be a solution of the static equations 
such that, after correct choice of origin, it is of the form (using polar coordinates): 
A(x) = -Na( r )  dO • = f(r)e in° 
where f = (0) = a(o) = 0 and limr-~oo f(r) = limr-.oo a(r) = 1. Such solutions exist for all 
)~ > 0 (see [6]). The following conjectures are for the initial value problem for the gradient flow 
with A > 0 and initial data in the class C 6,N. 
CONJECTURE 1. /~ A ----- 1, the solution converges uniformly on R 2 as t--* co to a unique solution 
of the equilibrium equations with the same winding number IV. 
CONJECTURE 2. If either INI = 0,1 or A < 1, the solution converges uniformly on lZt 2 as t --* oo 
to a unique solution of the equilibrium equations with the same winding number N and which is 
symmetric. 
CONJECTURE 3. If A > 1, IN[ > 1, the solution converges uniformly on bounded subsets 
of R 2 as t --* oo to a solution of the equilibrium equations which is symmetric and whose 
winding number is less than or equal (in absolute terms) to INI. Generally this limit will satisfy 
I@a-- 1, B--0. 
These conjectures are related to conjectures about the critical points of 8 in [7]. The status of 
these conjectures i that so far only the first has been proved in [5]. 
THEOREM 2. Let ~ = 1; then the initial value problem has a unique smooth global solution gJ(t) 
for initial data in the class C ~,N. If in addition 
IS(x, 0)1 < ~(1 -I¢(x,0)l 2) ID¢(x, 0)1 < 3(1 -I¢(x, 0)12) 
then there exists a unique solution of the equilibrium equations ~oo = (Aoo, ¢oo) of winding 
number N such that limt--.oo Ik~(t) - ~oo]H2 = 0. 
We now describe the physical picture behind these conjectures [7,8]. A vortex of winding 
number N is to be thought of as a particle of charge N. The magnetic field mediates a force 
between particles which is attractive for opposite charges and repulsive for like changes. The 
scalar field mediates a force which is attractive. If ,~ = 1, the forces between like charges cancel 
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out and there is not net interaction. If A > 1, there is a net repulsion, and if A > 1, there is a net 
attraction. This picture gives rise to the conjectures above. Uniform convergence corresponds 
to the impossibility of vortices escaping to infinity. The genericity statement in the case ), > 1, 
IN I > 1 follows from the fact that the symmetric vortices are unstable critical points, and should 
split up under small perturbations into vortices which move off to infinity. The following theorems 
provide mathematical evidence for the validity of the physical picture just described. 
THEOREM 3 (TAUBES). Let )~ = 1 and fix the winding number N.  Then all finite action critical 
points of winding number N > 0 are absolute minima and can be parametrised (up to gauge 
equivalence) by N unordered points in the plane {Z1 . . . .  , ZN} which are the only zeros of ¢. 
Given any such choice of N points there is a smooth solution, unique up to gauge equivalence, 
with precisely these zeros. 
Write these solutions as (a(x; ZA), ¢(x; ZA)), where A is an index from 1 to N. Let us call this 
space of equivalence classes of solutions MN. It is an N-dimensional complex manifold which 
can be identified with sNc  the N-fold symmetric product of the complex plane (see [9]). We 
can now state a theorem which helps to understand the forces between vortices for A close to 1. 
Introduce the function V : MN ~ R defined by 
A - 1 /a (1  _ I¢(z; ZA)I2) 2 d2z V(ZA) = 
then we have the following theorem (which will be stated more carefully later). 
THEOREM 4 (INITIAL STATEMENT). Let IX - 11 be sufficiently small; then for appropriate initial 
data the gradient flow (1) can be approximated in L °° norm by the gradient flow in MN of the 
function V for times t = O(1/IA - 1[). 
The idea for this type of approximation comes from the work of Manton [10]. Consider the 
case N = 2, where there are two vortices. In this case, by rotational invariance, V depends only 
on the separation of the two vortices V = v(IZx - Z2[). 
CONJECTURE 4. The function v = v(a) is a monotonically decreasing function for A > 1 and 
monotonically increasing for A < 1. 
In the paper [11] the function v was calculated by Shah and the conjecture confirmed. This 
then gives a "proof" (subject o the numerical computation and the condition [A- 1[ sufficiently 
small) of the validity of the physical predictions--in the case A > 1 there will be repulsion and 
in the case A < 1 attraction. 
This theorem has an equivalent version for the corresponding Lorentz invariant system of 
equations (see [1]) for which the proof has been given in full detail. Therefore we will not here 
give a full proof but will explain all the salient features. First of all we need the fully gauge 
invariant equations in which there is a time component of the connection A0 
D0¢ - AA¢ = ~¢(1 - [¢[2)  A - AAo + d*dA = (i¢, De) ,  
t where Do = Ot - iA0. Application of the time dependent gauge transformation X(t) = - f0 A0 
converts these back to the original gradient flow. The first asymptotic stage in the proof is to 
introduce a small parameter e = IX - 11 and make an ansatz for the solution in the form: 
Ao = e213o A = a(x; q(et)) + e/3 ¢ = ¢(x; q(et)) + e~. 
2N Here we are writing {q~}g=l for a local coordinate system on MN, and the first-order terms (a, ¢) 
refer to the 2N-parameter families of solutions whose existence is assured by Taubes' theorem. 
Notice that the parameters for these solutions are slowly varying functions of time. Let us 
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introduce a notation ~ = et for the slow time variable. Notice that ~0 = (a, ¢) depends on r via 
the parameters q. We also have to impose some gauge conditions. This is done by requiring 
and V . f l - ( i¢ ,n )=0.  
That this is possible is proved in [5]. We then get an equation for ¢ = (fl,rl) of the form 
Oft + L#o¢ = -O~o + ¢(1 - 1¢12) + ej 
where j represents he nonlinear terms. (There is also an elliptic equation for ~0 but this will be 
ignored since it plays a completely subsidiary role.) The operator L~ o is well understood (see [1]) 
and has the following properties: 
(i) It is elliptic with principal symbol -A ,  and it extends as a Fredholm operator H 2 ~ L 2. 
(ii) The kernel is 2N-dimensional. This space is described below. 
(iii) If ¢ E H 1 is L2-0rthogonal to the kernel, then there exists a number V > 0 such that if 
~0 E W 1'c~ 
(¢, L#o¢)L2 --> 7[[¢[[~,. 
Thus, we will have good estimates for ¢ as long as we can ensure that ¢ is perpendicular in L 2 
to the kernel of L~ o at all times. This condition determines the motion of the vortices; i.e., we 
choose ~ so that this orthogonality condition is satisfied. Geometrically this should be pictured 
as choosing q so that (A - a(x; q), (¢ - ¢(x; q)) is as small as possible in L2. To see how to get 
an explicit form for the dynamics of the vortices, notice that for each coordinate q~ there will be 
a corresponding n~ E ker L~ o given by 
--- £¢0  ÷ infinitesimal gauge transformation nD 
and these generate kerL¢ o. This allows us to introduce a metric g~,,, = (nu,n~,)L2 which is 
described in [9]. Next consider the orthogonality condition (¢, nu)L2 = 0 we wish to impose. 
Differentiating with respect o time and using the fact that nu E ker L¢o we find 
- + - 
since the n u will also be slowly varying. But ~k~0 = n o ~Tqu where the summation convention 
is being used. This leads to the following equation: 
d 1 O 
- -uV  ÷eh 
g~u-~v qu = e Oq~ 
where h represents he nonlinear terms, and we use a summation convention for repeated indices. 
This gives us the following precise statement of the theorem. 
THEOREM 4 (FINAL STATEMENT). H e ---- [A -- 1[ i8 su~ciently small, the following is true. 
Consider the initial value problem for equations (1) with initial data a(x; q(O) , ¢(x; q(0)), one of 
the A -~ 1 equilibrium solutions. Then there exists a global smooth solution ( A, ¢) and a smooth 
family of gauge transformations X (x , t ) such that for times t = 0 (1/I)~ - 1 [) 
A + dx = a(x; q(v)) + ef~ Ve ix = ¢(x; q(v)) + el? 
where ~, ~ are bounded in H~(R 2) independent oft, e and q(v) = q0(~.) + O([A - 1]) where qO(~.) 
is the solution of the gradient flow of V on MN , i.e., 
qO= q0( , ) )  q°(0) q(O). 
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